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In this work, we use the statefinder parameter diagnostic to the Holographic principle inspired dark
energy models, taking into consideration, the Tsallis Holographic dark energy (THDE) model, the
standard Holographic dark energy (HDE) model, and the Re´nyi holographic dark energy (RHDE)
model. The evolutionary behaviour of first statefinder r(z), second statefinder parameter s(z), the
statefinder parameter pairs (r, s) and (r, q) as well as the deceleration parameter q(z) are plotted
for comparison for the various parameter values of the respective dark energy models. In the low
redshift region, it is observed from these plots that the Tsallis holographic dark energy (THDE)
model and Re´nyi holographic dark energy (RHDE) model approach to the ΛCDM model. While
for the HDE model, the evolutionary behaviour can be differentiated from the ΛCDM model in the
low-redshift region. For all three dark energy models, a direct comparison in q(z), r(z), s(z), (r, s)
and (r, q) plane have also been done, in which the discrimination between these three models with
the ΛCDM model) maybe easily seen.
I. INTRODUCTION
Our observable Universe is experiencing accelerated
expansion which is favoured by different cosmological
observations [1–6]. The idea of dark energy (DE) was
fused to explain this accelerated expansion of the cos-
mos, which is an exceptional part with negative pressure
[7–11]. The present accelerated expansion phase of the
cosmos may be explained in two ways. Firstly, the gravity
theories which are proposed by modifying the geometric
part of Einstein’s field equation, known as modified grav-
ity theory [12–18]. Secondly, by changing the matter part
of the Einstein’s field equation, usually described as the
dynamical dark energy models. In several models and
theories, the simplest model is the cosmological constant
model , originally suggested by Einstein[19–23], which
proposes that ω = −1 (the equation of the state parame-
ter (EoS)) and the cosmological constant is the primary
candidate for dark energy (DE), and it is consistent with
observations data, except the fine-tuning and coincidence
problem [20, 24, 25]. To get alleviation from such is-
sues, numerous dynamical dark energy models are given
as a choices such as tachyon [26], quintessence [27, 28],
k-essence [29, 30], phantom [31] and Chaplygin gas [32].
In 2004, a DE model, called holographic dark energy
(HDE) is suggested by Li [33], based on holographic
principle (HP) [34–37]. According to HP, the degrees
of freedom depend on the bounding area, not its vol-
ume. The HDE help us to clarify dark energy scenario
[38, 39] to explain the accelerated expansion phase of
the Universe. By expecting quantum modification for
holographic dark energy which depends on black hole
horizon entropy, Tsallis and Cirto give Tsallis entropy
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(A generalization of the Boltzmann-Gibbs (BG) entropy
to non-extensive systems) [40, 41]. Being peculiar
behaviour of Universe and long-range aspect of gravity,
generalized entropy formalism have been considered and
the consequences of these investigations lead us to a
worthy concurrence with gravity and its related issues
[42, 43].
Different entropies are also used for the investiga-
tion for the gravitational and cosmological scenario.
Recently, two new form of dark energy models based
on holographic principle, Tsallis and Re´nyi [44, 45]
entropy are proposed by Tavayef et. al [46] and by
Moradpour et. al [47], known as Tsallis holographic
dark energy (THDE) and Re´nyi holographic dark
energy (RHDE), respectively. Both, the THDE and
RHDE might be consistently called holographic prin-
ciple inspired dark models for the simplicity. These
models of holographic dark energy can be used to clarify
or explain the cosmic acceleration of the universe [48–65].
An enormous number of models can clarify the dark
energy phenomenon. It is in this way critical to discover
the approaches to segregate among different con-
tending models. For this reason, Sahni et al. [66] and
Alam et al. [67] presented a significant geometrical
indicative, known as statefinder pair (r, s) to remove
the degeneracy of q0 (the present value of q) and H0
(the present value of H) of various dark energy models.
The statefinder indicative has been widely utilized in
the writings to recognize among different models of dark
energy and modified theories of gravity. We get different
evolutionary trajectories for disntict dark energy models
in (s, r) pair plane. The statefinder parameters are
also examined by [68–75]. The statefinder parameter
diagnostic is also used to disriminate various dark energy
models such as the Ricci dark energy (RDE), the new
HDE, the new ADE and the original holographic dark
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2energy (HDE) model [76].
Motivated with the work of ref. [76], in this paper,
we compare the original holographic dark energy (HDE)
model with some newly proposed dark energy moedels
such as the Tsallis holographic dark energy (NHDE)
model and Re´nyi holographic dark energy (RHDE) model
through the statefinder parameters (r− s) diagnostic. In
Sect. 2, we briefly reviewed the holographic principle in-
spired dark energy models. In Sect. 3 we diagnosied the
holographic dark energy models with the deceleration pa-
rameter q, and the statefinder. The conclusion is given
in Sect. 4.
II. HOLOGRAPHIC PRINCIPLE INSPIRED
DARK ENERGY MODELS
A. The holographic dark energy model
Considering a spatially flat Friedmann Robertson
Walker Universe accommodating matter and dark energy
(assuming a flat Universe in the complete manuscript),
the Friedmann equation is given as
H2 =
1
3M2p
(ρm + ρD) , (1)
where ρm and ρD represent the energy densities for
matter and dark energy, respectively. For the holographic
dark energy model [33], ρD = 3c
2M2pL
−2, and the event
horizon (future) L is given by
L = a
∫ ∞
a
da′
Ha′2
, (2)
By using Eq. (1) and Eq. (2), the fractional density
eqation can be found for the dark energy (ΩD ≡ ρD3M2pH2 ),
Ω′D = ΩD (1− ΩD)
(
2
√
ΩD
c
+ 1
)
, (3)
here the prime represents the differential coefficievt
with x = loga. Also, the energy conservation law,
ρ˙D + 3H(ωD + 1)ρD = 0, the EOS of holographic dark
energy, ωD ≡ pD/ρD, can be given:
ωD = −1
3
− 2
√
ΩD
3c
, (4)
B. The THDE model
Newly, another form of non-extensive and holographic
principle inspired dark model has been proposed in[46],
and the energy density for THDE is defined as
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FIG. 1: The evaluationary behaviours of the q (deceleration
parameter) versus z (redshift) for HDE, THDE and RHDE
Models. Here, ΩD(z = 0) = 0.73, H(z = 0) = 70, ωD(z =
0) = −0.90
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FIG. 2: Comparison of evolutionary behaviour of q for
the holographic principle inspired dark energy models. Here,
ΩD(z = 0) = 0.73, H(z = 0) = 70, ωD(z = 0) = −0.90
ρD = CH
4−2δ, (5)
where the parameter C is unknown and δ is the non-
extensive parameter. Taking time derivative of ΩD ≡
ρD
3M2pH
2 both sides with respect to x = loga, we get
Ω′D =
3(δ − 1)ΩD (1− ΩD)
1− (2− δ)ΩD , (6)
So, the RHDE equation of state (EoS) parameter is in-
ferred as
ωD =
δ − 1
(2− δ)ΩD − 1 (7)
C. The RHDE model
Furthermore, one more form of dark energy based on
Re´nyi enetropy and holographic principle inspired dark
energy has been suggested in [47], and the energy density
for RHDE is given as
ρD =
3c2H2
8pi
(
piδ
H2 + 1
) , (8)
where c2 is a numerical constant as usual.
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FIG. 3: The evaluation of the first statefinder parameter r ver-
sus redshift parameter z for HDE, THDE and RHDE Models.
Here, ΩD(z = 0) = 0.73, H(z = 0) = 70, ωD(z = 0) = −0.90.
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FIG. 4: Comparison of evolutionary trajectories of the first
statefinder parameter r for the holographic principle inspired
dark energy models. Here, ΩD(z = 0) = 0.73, H(z = 0) = 70,
ωD(z = 0) = −0.90.
Taking time derivative of ΩD ≡ ρD3M2pH2 both sides with
respect to x = loga, we get
Ω′D = −
3pic2δH2 (ΩD − 1)
(piδ +H2) (piδ (2ΩD − 1) +H2 (ΩD − 1)) , (9)
So, for the RHDE, the EoS parameter is given as
ωD = − piδ
piδ (2ΩD − 1) +H2 (ΩD − 1) , (10)
III. STATEFINDER DIAGNOSTIC
Before the presence of the statefinder parameter (r),
(s) and the statefinder pair (s, r) and (q, r), one may
diffferntiate various DE models with the help of the
evolution of the deceleration parameter q(z). Therefore,
we take into consideration the evolution of q for the
aforementioned 3 Holographic principle inspired dark
energy models in this work.
Let us take the condition with respect to the decel-
eration parameter q. To the simplicity, we define the
deceleration parameter as
q =
1
2
+
3ωDΩD
2
(11)
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FIG. 5: The evoluationary trajectories of the second
statefinder parameter s versus redshift parameter z for HDE,
THDE and RHDE models. Here, ΩD(z = 0) = 0.73,
H(z = 0) = 70, ωD(z = 0) = −0.90.
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FIG. 6: Comparison of evolutionary trajectories of the
second statefinder parameter s for the holographic princi-
ple inspired dark energy models. Here, ΩD(z = 0) = 0.73,
H(z = 0) = 70, ωD(z = 0) = −0.90.
The evolutionary behaviour of the deceleration pa-
rameter q is plotted in Fig. 1, for all three holographic
principle inspired dark energy i.e. the HDE, THDE
and RHDE models with different parameter values.
We observe from the figure that for HDE model the
evolutionary behaviour of q can be discriminated with
each other for various values of the parameter in the
low-redshift region while it can not be discriminated in
high- redshift region. For the THDE model, it is clear
from the figure that the evolutionary behaviour of q can
not be discriminated with each other for different values
of the parameter in the low-redshift region as well as in
high- redshift region. Also, for the RHDE model, it is
clear from the figure that the evolutionary behaviour of
q can not be discriminated with each other for different
values of the parameter in the low-redshift region but
can be differentiated in high- redshift region. Although,
the behaviour of deceleration parameter q for all three
dark energy model is in toe with the observational
results, which depcting the deceleration to acceleration
phase of the universe. Similarly, we moreover graph
the deceleration parameter q evolution of the three
holographic principle inspired dark energy models in
Fig. 2. So, it is obvious to see that viably separating
them with the q(z) demonstrative is not easy, if not
unobtainable.
Since different cosmological DE models demonstrate
subjectively unique evolutionary trajectories in the (r −
s) pair plane, that is why the statefinder alalysis is a
important technique. The statefinder indicative pair is
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FIG. 7: The evoluationary trajectories of r versus s for HDE,
THDE and RHDE models. Here, ΩD(z = 0) = 0.73, H(z =
0) = 70, ωD(z = 0) = −0.90.
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FIG. 8: Comparison of evolutionary trajectories of the (r, s)
pair plane for the holographic principle inspired dark energy
models. Here, ΩD(z = 0) = 0.73, H(z = 0) = 70, ωD(z =
0) = −0.90.
given as [59, 60]
r =
...
a
aH3
(12)
s =
r − 1
3(q − 12 )
(13)
The relationship between statefinder parameters r and
s in terms of energy density and EoS parameter can be
obtained as:
r = 1 +
9
2
ωT (1 + ωT )ΩT − 3
2
ω
′
TΩT (14)
s = 1 + ωT − 1
3
ω
′
T
ωT
, (15)
here the prime represnts the differential coefficient
with x = ln a. The evolutionary behaviour of the first
statefinder parameter r with z is shown in Fig. 3,
for all three holographic principle inspired DE models
with different parameter values comapring with ΛCDM
model. We see from the Fig. 3, that for HDE model
the evolutionary behaviour of first statefinder parameter
r can be discriminated with ΛCDM model in the
low-redshift region for different values of the parameter
while it can not be discriminated from ΛCDM model in
high- redshift region. For the THDE model, it is clear
from the figure that the evolutionary behaviour of r can
not be discriminated from ΛCDM model for different
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FIG. 9: The evoluationary behaviour of the (r, q) pair for
HDE, THDE and RHDE Model. Here, ΩD(z = 0) = 0.73,
H(z = 0) = 70, ωD(z = 0) = −0.90.
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FIG. 10: Comparison of evolutionary trajectories of the (r, q)
pair for the holographic principle inspired dark energy models.
Here, ΩD(z = 0) = 0.73, H(z = 0) = 70, ωD(z = 0) = −0.90.
values of the parameter in the low-redshift region but
the difference can be seen from ΛCDM model in high-
redshift region. Also, for the RHDE model, it is clear
from the figure that the evolutionary behaviour of r can
not be discriminated from ΛCDM model for different
values of the parameter in the low-redshift region as
well as in high- redshift region. This phenomenon
is endorsed by the aforementioned figure for THDE
and RHDE models, the difference between the ΛCDM
and these two models may be easily figuredout within
the range z ∼ 0.5 − 5 as compared to HDE model
for different parameter values. A straight comparison
between by the first statefinder parameter r can be seen
between the ΛCDM model and the three holographic
principle inspired dark energy models in Fig. 4. The
differentitation of the three dark energy models is clearly
seen from this figure in the low-redshift region as well as
in the high-redshift region.
Fig. 5 shows the evolution of the second statefinder
parameter s versus z in the three holographic principle
inspired DE models for different parameter values, also
compared with the ΛCDM model. For the HDE model,
in the low-redshift the region as well as in high- redshift
region the evolutionary trajectories are distinctively
differentiated from the ΛCDM model. But, for the
THDE and the RHDE models, we observe from this
figure that the s(z) curves approaches to ΛCDM model
in the low-redshift region. The difference between the
ΛCDM and the THDE model can be clearly identified
in high -redshift region, and the discrimination of the
model for various values of the parameter may be easily
seen in this region with the second statefinder parameter.
For the RHDE model, we see from this figure that the
difference between the ΛCDM and RHDE model may
easily be distinguished within z ∼ 0 − 4 with different
values of δ. Fig. 6 compares the three holographic
principle inspired dark energy models by the second
statefinder parameter s(z) and the ΛCDM model. In the
high-redshift region, the differentiation of the models
from this figure is directly seen.
Moreover, The evolutionary trajectories for the HDE,
THDE and the RHDE are plotted in Fig. 7 for different
parameter values in (r, s) pair plane. The point (s0, r0)
of the holographic principle inspired dark energy models
marked by the dot circles to denote the present values
of the statefinder parameters. The fixed point (0, 1)
presented by the star in this figure represents the ΛCDM
model. The distance between the ΛCDM model and all
three dark energy models is calculated by the difference
of the star and the dot circle. For the different parameter
values, the difference of the mentioned models may be
estimated of the dot circles. As the statefinder pair
toady’s values (r0, s0) are the thougt of as having been
extracted from the region of the low-redshift observa-
tional information, this gives inference to the separation
of dark energy models when taken into account from the
low-redshift observational information. An immediate
correlation of the dark energy models in the (s− r) pair
plane are exhibited in Fig. 8. One can differentiate
dark energy models with the statefinder analysis (r0, s0)
directly from the experiments if the exact information of
(r0, s0) may be extracted from the future high-precision
observational data. Assuming, moreover, the exactness
high redshift information can be extracted and is seen in
the combination of low-redshift information, where the
evolution trajectories of r(s) can reconstruct to separate
dark energy models and decide the properties related to
dark energy.
The evolutionary trajectories in the parameter (q − r)
pair plane of another statefinder are graphed in Fig. 9,
which is considered as a complementarity. The point
(0.5, 1) represents SCDM, that is the matter dominated
universe in this graph and the point which is fixed i.e.
(−1, 1) represents SS- the de Sitter expansion i.e. the
steady state, which are marked by filled diamond and the
empty circle, respectively. Important point to mention
here that the dashed horizontal line divides plane i.e.
q − r into 2 parts, which corresponds to the time evolu-
tion of the ΛCDM model. The upper half is occupied
by Chaplygin gas models and the lower half contains
quintessence models. For the HDE model, we can see
that both the LCDM scenario and HDE model start
evolving from the same point in the past (r = 1, q = 0.5)
which corresponds to a matter dominated SCDM
universe, and crosses the point (q = 1, r = 1) in the
future which corresponds to a steady state cosmology
(SS)the de Sitter expansion. For the THDE model
8evolutionary trajectories starts evolving from SCDM
i.e. matter dominated universe (q = 0.5, r = 1) in the
past, and their evolution ends at the point (q = −1,
r = 1) in the future for different parameter values.
For the RHDE model evolutionary trajectories starts
evolving from different points in the past, and their
evolution ends at the point (q = −1, r = 1) in the future
for different parameter values. Thus, the ‘distance’
from this model to the de Sitter expansion (SS) can
be easily identified in this diagram. A direct compari-
son of the models in the (q−r) plane is shown in Fig. 10.
IV. CONCLUDING REMARKS
Many dynamical dark energy models have been
propsed so far in the literature, inspird by the holograpic
principle and various entropy formalism. Hence, it is of
great interest to differentiate these holographic principle
inspired dark energy models with the observational
results. Although, especially, in the low-redshift region
these models are degenerate with each other to some ex-
tent. We compare three important holographic principle
inspired dark energy models, i.e., the THDE, HDE and
RHDE and we use the statefinder parameter analysis to
differentiate them in this work.
We observe from the q(z) evolution that THDE and
RHDE models can not be discriminated in the low-
redsfift region while HDE model can be discriminated in
this region for various parameter values. Interstingly, all
the three dark energy models represent the decelerating
to accelerating universe for different parameter values.
Since, most of the observational results are mainly sug-
gested in the low red-shift region (generally z ≤ 1). For
the more clear discrimination, it is important to use some
parameters related to higher order differential coefficients
of the scale factor. We observe that the first and second
statefinder parameter r(z) and s(z) are very helpful for
this purpose.
We observe from the r(z) and s(z) analysis that
THDE and RHDE models can not be differentiated in
the low-redsfift region from the ΛCDM model but can be
discriminated in the range −0.5 < z < 4 from the ΛCDM
model. It is clear that both the THDE and RHDE
approach to the ΛCDM model in the low-redsfift region.
The RHDE and HDE models can not be discriminated
in the high-redshift region from the ΛCDM model in
r(z) plane while all the three dark energy models can be
discriminated from ΛCDM model in s(z) plane for the
various parameter values in the high red-shift region.
For all three holographic principle inspired dark energy
models i.e. THDE, HDE and RHDE a direct comparison
in (r, s) and (r, q) plane have also been done, in which the
discrimination between the these three models with the
ΛCDM model may be easily seen with the help of cur-
rent values (r0, s0) and (r0, q0) of the dark energy models,
which play an important role in the statefinder diagnos-
tic. It is beleived that, the differnet dark energy models
can be discriminated by more accurate data provided by
high-precision observations in the future and give a bet-
ter idea on the behaviour of dark energy.
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